5. Root Locus Design
Electronic Control Systems
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Locus of the Roots (closed loop poles)

» General Feedback Control System
Ris} +

* Transfer Function

Y(s) = G(s){R(s) - KH(s)Y (s)}
Y(s){1+ KH(s)G(s)} = G(s)R(s)

Y (s) il G(s)

R(s) 1+ KH(s)G(s)

* Root Locus
1+ KH(s)G(s) = 0
KH(s)G(s) = -1

Locus of the Roots (closed loop poles)

« Magnitude and Phase conditions
KG(s)H(s)| = 1
/KH(s)G(s) = =£180°(2k+1) where £k =0,1,2, ...

* Phase condition

(s—z1)(s—22)...(68—2m) _ b
ZK(S—p'l)(S—pz)..-('—pn) = =+180°(2k +1)
[(s—z)+L(s—z)+ ...+ L(s— zp)
—/(s—p1)—L(s—p2)—...— L(s—pn) = £180°(2k+1)

Phase of Zeros and Poles

Angle of a real zero on the real axis

0 if s>z
1(5—2){1800 if s<z =

Angle of a real pole on the real axis

S 0 it s>p
_Z(S_p){ ~180° if s<p

Angle on the real axis by a complex conjugate pair of poles

— /(s —a+ jb)
—(360° — 8) — 6 = —360°
il ifs > a
~Hs=a=d) = (1800 4 6) - (180° — 6) = —360°
ifs <a

No phase contribution on the real axis




Conjugate pair of Poles

s>a

------------- b [ S— s—(a— jb)
él,l R
a—jb )( —————————————— b
s<a
""""""" b s=(@=jb)—b
LA
s\ ia s+ dy/
<0y
_ -1 _b
e S b (s—(a+jb) - b 0 = tan =]

Root Locus Rules

Rule 1: Root locus is on the real axis to the left of an odd number
of poles or zeros

Rule 2: Root locus starts from open loop poles (K — 0), and
approach open loop zeros or infinity (K — oc)

R(s} + Gls) Y{s}

H(s)

N(s)  (s—z)(s—2z,)...(s—z,) & OL zeros

D(s) (s—p,)(s—Pp,)....(s— p;) < OL poles
K — o R(s)— KY(s) = —KY (s)

R(s) becomes insignific ant, and the system becomes autonomous ,
Then — KY (5)G(s) =Y (s)

1 D(s)
G N’

K—=0G.(s)—>G(s)=

as K - o N(s) > 0or D(s) > o

Root Locus Rules

Rule 3: Root locus asymptotes, asymptote angles, and point of
intersection

Root locus needs to have n — m number of asymptotes. Those poles that
reach infinity as K increases will reach infinity along these asymptotes. Asm
number of poles reach the open loop zeros as K — oo the remaining number
of poles is n — m, and therefore, same number of asymptotes are required.

Asymptote Intersection point

o = Zpi_zzi

n—m
4 = 180" +360°(1—-1) =01 (n—m—1)

n—m

Asymptote angles

Root Locus Rules

Rule 4: Angle of departure/arrival

Im
F.3
Z(s—p,)
cal =AU AN ]
A very close point s* = s[sp, ” “ i e
Re
LG(s)|ls+ = £180Y(2k + 1)
L8 —z1)+L(s"—za)+ ...+ L(8" — zp)
—/(s"—p1) = L(s" —pa) — ... = L(s" — p;)
— ... —L(s"—pp) = £180°(2k+1)




Root Locus Rules
(i —21)+ L(Di— 22) + ...+ L(D — 2m)
—L(pi—p1) — L(pi—p2) — ... — b;
—o.—L(pi—pn) =

Rule 5: Break away points

2 \7wew) = °

d {DHG(.s)} —
ds J?VH(;(S)

Rule 6: Stability margin

+180°(2k + 1)

The coefficients of the characteristic equation A(s) are arranged in the
Routh array, which determines the range of gain K for stable response. An
example will be worked out to demonstrate the Routh stability criterion.

Rule 7: Gain
K* =

R’ &

Root Locus Rules

calculation

1
|H(3)G(3) |S=S*
Dra(s)
Nua(s)

s=s*

4.2.2 Example

Gain K for a given point on the root locus

Draw the root locus of the following feedback control system

&

1 I Y(s)
reem—
s(s+3){s2+65+20)

Example: Root Locus Design

Determine
1. Asymptotes and asymptote angles

Angle of departure
Break away point

Maximum stable gain

AT A

Forward gain for unity DC gain when K = 30

Answer
* Open loop Poles

The characteristic equation is 1 + K m =0

K=0 s(s+3)(s*+65+20)=0
X ‘ for K=0

0,—3,-3 £+ jV11

n=4 (4 poles) and m=0 (no zeros)

Example: Root Locus Design

+ Asymptotes

®o

@1

02

3

» Asymptote intersection point

(0) + (=3) + (=3 + jV11) + (=3 — jV/11)

. 180 +360"(0—1)

4

. 180° +360°(1 —1)

4
180" +360°(2 — 1)

. 4
1807+ 360%(3 — 1)

4

x =

14

= —2.25




Example: Root Locus Design

» Angle of departure from pole -3+ j\/ﬁ
—4(=3+ V11 - 0) — Z(-=3+ jV11 +3)
—60 — (=8 + V11 — (-3 —jV11) = 180°(2k +1)

11
—~ (1800 — tan ! ‘/3_) —90° -9 -90" = 180°(2k + 1)

48° —9 = 180"
« Breakaway Point g = —132Y

%\ 700w =

—2)<0and f(-1) >0
%{s(s+3)(52+63+20)} — ] f=2) 7=

S0 =-1.5
d 4 3 . 2 3
d—{s +9s” + 38s° + 60s} = 0
S
45 +927s* + 65 +60 = 0

Newton-Raphson Method

f i{\,',) A

S(x)

flxo) = (xo—x1)f (20)

xr =

Example: Root Locus Design

o [AEE R f(s0)
f'(s0)
) 453 + 27s% 4+ 765 + 60
5 1252 + 545 + 76 o
s 4x—-15%4+27%x —1.524+76 x —1.5+60
: 12x —1.52+ 54 x —1.5+ 76
6.75
il
— ~1.19
o = ot
f'(s1)
D S i Sry B e (e WG
' T Y
1.05
= ~LI9-o
= —1.19-0.04
— 123

Example: Root Locus Design

* Gain at the breakaway point K = |Dya(s)|sm—1.23

| —1.23(—=1.23 + 3)(—1.23* + 6 x —1.23 + 20)| = | — 30.77| ~ 30.8

« Stability margin  A(s) = s(s + 3)(s* + 65 +20) + K = 0

Routh Array A(s) = s +9s% + 385 + 605 + K = 0

5 1 38
= 9 o
i 9x38-60x1 — 31 3 SOR_0x38 — [
3l % = 60 — 0.29K 0
o | Gogggceas g | g

for stability 60 —0.29K > 0, i.e. K <208

K




MatLab: Root Locus Design

[ Root Locus of 1+KH(s)G(s)=0 H(s)=1

% Plant OLTF

num=[1] ; den=conv ([l 0],comvr{[1 3],[1 & 201})});

G=tf (num, den) ;

% Draw root locus
rlocus (3) ;
grid on;

Imaginary Axis

MatLab: Root Locus DeS|gn

Rool Locus

uV%m

“..0:6"4.,.

.......

Damping: 0.000445

Overshoot (%): 99.9

Frequency (rad/sec): 2.58

Real Axis




